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Transductions as weights

* Desire: weight transitions with words... Difficult to
equip A* with a semiring structure: how to combine

several accepting runs!?

* Works for deterministic or unambiguous automata:
functional transducers

* For relations: semiring of languages

(2A*7U7 '7@7{5})
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Input: functional/deterministic transduction | (implementation = transducer),

transduction S (specification = transducer or formula)
uestion: |l| € |S| and dom(l)=dom(S) ? o
/4—

/

Input: functional/deterministic transduction |, unambiguous/1-valued

transduction S
\Question: II] €|S| and dom(l)=dom(S) ?

/
Input: (unambiguous/1-valued) transduction T

Question: synthesise, if possible, an equivalent functional/deterministic

\transduction T
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How to Specity Quantitative Properties”

'Weighted Monadic Second Order Logic [Droste&Gastin 05]
generalized to trees [Droste&Vogler 06], infinite words [Droste&Rahonis 07],
_nested words [Mathissen 10] or pictures [Fichtner | 1]

‘Weighted Regular Expressions over finite words
_[Kleene 56, Schitzenberger 61]

'Weighted Temporal Logics:
_PCTL [Hansson&Jonsson 94], WLTL [Mandrali |2]

» Core weighted logic for weighted automata
» Enhancing the logic to handle more properties: FO vs pebbles

» A special case: the transducers
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Monadic Second Order Logic (MSO)
p:=T|P@@)|z<ylzeX|-plonel|Vr o|VX ¢

Examples

P1 =

« There Is a letter a
N the word »

Py = =

r P,(z)

gpgz‘v’x:

y(y <z A Py(y))

« The first letter of the word Is a. »

XVavy (¢, (1) =z € X)A
(y:x+1:>($€X@yéX))/\(gplast(x)iméX)
« The word has even length. »
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Weighted MSO

=8| P(x)|z<y|xre X]

pVolpAp |z |Vee|[IX ¢ | VX @

Negation restricted to
atomic formulae

Arbitrary constants

from a semiring

[Droste-Gastin, 05]



Weighted MSO

pu=s|Pu(z)[z<y|lzeX | Pu(z) | ~(z<y) | (2 €X)
pVoloANp|Tre|[Vee|[IX | VX p

Semantics in a semiring S= (95,4, %x,0,1)
Atomic formulae: 0, |
disjunction, existential quantifications: sum

conjunction, universal quantifications: product

Inspired from the boolean semiring P = ({0, 1}, V, A\, 0, 1)
[Droste-Gastin, 05]
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Examples

p1 = 3z Pa(x) w2 =V Iy (y <z A Pu(y))
lo1](w) = |w|, o] (abaab) =1 x 1 x2x3x3

Too big to be computed by a
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Weighted MSO

pu=s|Pz) e <syleeX | P(x) | ~(r<y) |~z e X)

¢ almost boolean
commutativity

Theorem: weighted automata = restricted wMSO

[Droste-Gastin, 05]
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Core weighted MSO logic
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= core wMSO @ I:=.|
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Core weighted MSO logic

Boolean fragment

pu=T| ) |z<ylre X[ p|lpAp|[Vzp|[VXp
Step formulae Vi=s|p?¥ ¥
core wMSO ¢:O|¢7¢¢|@+¢‘Zx¢|zx¢|nxﬁp

Semantics

U0} (w,0) =2

sums over multisets {| ©, + @, [} (w,0) ={ @, [}(w,0) W { P, [}(w,0)

UL ¥l (w,0) = q(l¥](w, oz = i]))ij} € N(RY)

[Gastin-Monmege, |5]
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Core weighted MSO logic
q):ZXzygpblOCk(X,y)?Hx(xEX?l:O):O

oo X =X =2 N (0, )V, W) AP®Y)

(0, )V By +1)) A
Hx(x < YN (e, (2)V E(x—1))A
Vi(z<z<yeze X)A(z€ X = P(2))))

{ ® [} (baabab) = {{000000,011000,000010,000000}}
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Multisets of weight structures

{|Al}: 2 — N(R*)

weights of A

Aggregation ager: N<R*> — S
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Multisets of weight structures

Semiring: sum-=-product

Valuation monoid: sum-=valuation

weights of A

= Aggregation ager: N<R*> — S

[Gastin-Monmege, | 5][Droste-Perevoshchikoy, |4]



Multisets of weight structures

Semiring: sum-=-product

Valuation monoid: sum-=valuation

weights of A

Average value
Discounted value. ..

= Aggregation

[Gastin-Monmege, | 5][Droste-Perevoshchikoy, |4]



Multisets of weight structures

Semiring: sum-=-product

Valuation monoid: sum-=valuation

Valuation structure: evaluator-valuation

[Gastin-Monmege, | 5][Droste-Perevoshchikoy, |4]



Multisets of weight structures

A run generates a sequence of weights Wgt(p) = 8182 8p,

Abstract semantics {\A\}(w) — {{Wgt(p) | p run on w}}

PRI e

Aggregation ager: N<R*> — S
Concrete semantics |[.A]] — aggr o {|A‘} 27— S

[Gastin-Monmege, | 5][Droste-Perevoshchikoy, |4]
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Core weighted MSO logic

pu=T|P(r)|z<ylzeX | p|loAp|Vop|VXp
V=5 |p?¥ ¥
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Theorem: weighted automata = core wMSO

Abstract semantics {| — |} 27— N <R*>
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Core weighted MSO logic

@:::T\Pa()m \a;eX\w\sMwVwWXw
o B 1 Lo e L — S | €T 6 X ? kp kp
G =07 : ¢|(P+€P\Z o1y x|, ¥

Theorem: weighted automata = core wMSO

Abstract semantics {| — |} 27— N <R*>

Concrete semantics II—]] — aggr o {| — ‘} 27— S

[Gastin-Monmege, | 5]



Core weighted MSO logic

90=:=T\Pa(:v)|:v yleEX\ﬂsO\sOMOWLWWXSO
b - —0|go‘?d5 €PI€P+€P\Z ¢|ZX¢IH v

[Gastin-Monmege, | 5]



Extensions

More general models More powerful logics:
than words: deciding if a wMSO formula
trees, nested words... s expressible in core wMSO7

More powerful automata: finding
equivalent fragments of wMSO



Weighted FO logic

T|P(x)|z<ylzeceX|-p|loNp|Vrp|VXp
S| p?W ¥
0

O ::
V%
D :: | p?D: D | DP+D| >, D> D],V
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Weighted FO logic

We can keep Boolean

MSO or restrict to FO...

pu=T|FPz)|le<ylzeX|[-plohp|Vep|[VXp
G:=s|p?0: 0|0+ |OxD| ) O[]] @

Reintroduction of

the product Unconditional product

guantification




Pebble weighted automata

IESQ TGSQ

A: (Q7A7I757T)

0: () X Test x Move X () — S
Move = {—,+ ,T}U{ix\:EEPeb}

Run as a finite sequence of configurations (W, o, q, i, )

with free pebbles o : Peb — pos(W)
and a stack of currently dropped pebbles ™ € (Peb x pos(W))*



Translating a formula into an automaton

Sum by disjoint union of automata

Product: —L ar et —8 S g ]—

— —

Sum quantification:
last?, 1
Product quantification: E
ba last?, 1
Agﬁ
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Translating a formula into an automaton
Challenging for the Boolean part:
need unambiguous automata

— I

Use deterministic automata Take advantage of the pebbles
of size non-elementary... : : :
to build a linear size automaton

last?

Disjunction/conjunction

& =pvy

last?

Existential/Universal
quantifications

E=dxop
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* Weighted FO misses a counting capability...

* Solution: weighted transitive closure operation

P (x,y) = o(x,y)
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| ogic equivalent to PWA?

* Weighted FO misses a counting capability...

* Solution: weighted transitive closure operation

P (x,y) = o(x, )

gpn(ij) — EIZO T EIZn (X — £0 N\ Zp, = y A diﬂ:(Zo, S 7Zn) A [Algéﬁn 90(22—17 Zﬁ)])
¥ ¥
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(Partial) conclusion

core wMSO = weighted automata

wFO + wTC = pebble navigating weighted automata

True for semirings, but other weight domains also!

average, discounted sums, ratio, energy...

True for finite words, but other input structures also!

(un)ranked trees, nested words, grids,
arbitrary graphs, infinite structures...



How to specity and decide properties of
transductions with infinite image”?

/
Input: functional/deterministic transduction | (implementation = transducer),

transduction S (specification = transducer or formula)
uestion: |l| € |S| and dom(l)=dom(S) ? o
/4—

)
Input: functional/deterministic transduction |, unambiguous/1-valued

transduction S
\Question: Il € |S|] and dom(l)=dom(S) ?

/
Input: (unambiguous/1-valued) transduction T

Question: synthesise, if possible, an equivalent functional/deterministic
\transduction T

(2A*7U7 '7®7{5})
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Example of transductions

Hx(Px(a)?{aa} ; (Px(b)?{bb} . D)) aba +— aabbaa
Hg;(Px(*)?{inseﬁ} :(Px(a)?{a} (Px(b) :{b}))) axb — ainsertb

S P(#)?2[[L(x = y)?{insert} : (P.(x)?{e} : (P.(a)H{a} : (P.06) 25)))]

akxbkxa — {ainsertba,abinserta}
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Not comp. by 1-way

prx(a)?{@} . (f)w(b)‘?{é‘}) X fo)w(a)‘?{g} . FunC Transducer

ababbaabb +—— aaaaccccc
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Examples

Not comp. by 1-way

HxPx(a)?{a} . (Px(b)?{é‘}) X Haij(a)‘?{g} . FunC Transducer

ababbaabb +—— aaaaccccc

[ P(@?a}:(PO)Heh)+ ][] Pa)?{e}: (P (b)x{c})

ababbaabb +—— {aaaa,ccccc)

[T P(a)?{a,e}: (P.b)?{b,e}) aba

[] Pa)?A A : (P (b)?ADA’) aba > AaA*bA*aA*



Transducers

[] P(a)?AaA” :(P.(0)? ADA)

aA*aA*CjC;DbA*bA*

Infinite-valued, but deterministic
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Reverse?

A

WCCB

Impossible in FO...
last? ... because of order of
interpretation of product
first?

Solution: in this non-commutative setting,
add right-to-left products

P(a)?ay: (P (0)7{0)
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pu=T[Pu(z)[z<yleeX[-p|pAp|Vry
e 2P - _
O:=L|p?0: |0+ |OxD|) @|]] @IN-TC @
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Iransitive closure

pu=T|FP(z)zsyleeX|~p|loAp|[Vry
G:=L|p?0:0|d+0|dx@|y @[] ®IN-TC @

Regular language
9 guag Able to define right-

to-left product

Hz O(z) =[1-TC, (y==z—17D(z))|(last, first) x O first)

Theorem: Pebble Transducers = FO +
bounded-TC

with regular | |
language productions linear transformation from logic to transducers
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Algorithmic questions

Theorem: Evaluation of FO + bounded-TC with

complexity O(jformula|x|input|#variables)

» In functional setting: it is decidable if a 2-way transducer is recognisable

b)’ d I-way transducer [Filiot,Gauwin,Reynier,Servais, | 3] in 2-EXPSPACE
[Baschenis,Gauwin,Muscholl,Puppis, 17]

*  What about the general setting, and with pebbles?

* Determinisability of functional non-deterministic transducers is
decidable in PTIME [Schutzenberger, 75]

+ Extension to the general setting!...



Thank you!



